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Thirring Model with Non-conserved Chiral Charge
D.Cabraa,b, E.Morenoc and C.Nao´na,b
ABSTRACT:We study the Abelian Thirring Model when the fermionic fields
have non-conserved chiral charge: ∆Q5 = N . One of the main features we find for
this model is the dependence of the Virasoro central charge on both the Thirring
coupling constant and N . We show how to evaluate correlation functions and
in particular we compute the conformal dimensions for fermions and fermionic
bilinears, which depend on the fermionic chiral charge. Finally we build primary
fields with arbitrary conformal weight.
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1 Introduction
After the pioneering work of Belavin, Polyakov and Zamolodchikov [1],
one of the most important steps towards the solution of 2D conformal field
theories was given by Dotsenko and Fateev [2] (DF). These authors consid-
ered the Coulomb Gas Model with a non-trivial background charge at infinity.
In this way they got a conformal anomaly as well as conformal weights that
depend on this charge. With these basic ingredients they developed a system-
atic procedure to evaluate a general n-point correlation function of primary
fields. Following their technique the operator algebra of non-trivial critical
2D systems such as the q-component Potts model [3] and O(N) model were
obtained [4].
The success of this approach led us to explore the possibility of imple-
menting a similar idea but using a fermionic model as starting point. Thus,
instead of the bosonic Coulomb gas system, in this paper we consider a mod-
ified version of the well-known Thirring model [5]. In order to introduce the
analogous of DF’s charge at infinity, we spoil the conservation of the chiral
charge.
Our intention is to give an alternative formulation that could be useful
in the identification of the discrete variables in a given statistical model with
continuum fields.
A direct connection with statistical systems is lacking for an arbitrary
Conformal Field Theory, except for some trivial cases such as the Ising Model,
which is directly connected with a Majorana fermion via a Jordan Wigner
transformation [6]. (The Ashkin-Teller [7] and Baxter [8] models have been
also related to the usual Thirring model.)
This approach could facilitate the non-trivial task of relating lattice and
field theoretical models via a Jordan-Wigner-like transformation.
In this paper we study the Abelian Thirring model in the case in which
the chiral charge is not conserved. We found that the Virasoro central charge
(VCC) of the resulting model depends on the “topological charge” and gives
rise to a family of conformally invariant field theories with VCC given by:
c = 1 + 3
N2π
g2
(1.1)
It is worthwhile noting the dependence of c on the Thirring coupling constant,
which appears as a purely topological effect.
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In the region in which the model is stable (which corresponds to g2 > 0)
this charge is greater than one, and hence the series (1.1) does not include
for example Minimal Unitary models.
However one can study the region of negative couplings and in that case
our model could be useful in the study of non-unitary statistical models like
Scaling Lee-Yang model [10], etc.
Our model could be also relevant in the study of superconformal minimal
models, for those models in the series for which the VCC is in the interval
[1, 3/2] and other minimal unitary theories with additional symmetry, like
Z3 symmetry, Parafermionic theories, etc.
On the other hand, our formulation allows to obtain the primary fields
in a simple way in contrast with the extremely complicated form that they
take in the bosonic and fermionic formulation of coset models [11].
The paper is organized as follows: in Section II we present the model
and show how to evaluate the VCC. Section III is devoted to the study of
correlation functions and the evaluation of the conformal dimensions of the
primary fields.
As a byproduct we obtain the conformal weights for some special bilinear
fermionic operators. This allows us to obtain the field theoretical description
of Baxter-like models.
2 The Model
Let us start with the euclidean Lagrangian:
L = −Ψ¯i/∂Ψ−
1
2
g2(Ψ¯γµΨ)
2, (2.1)
which is invariant under the global abelian and abelian chiral groups:
Ψ → eiαΨ,
Ψ → eγ5βΨ, (2.2)
with α , β ǫ R.
Our conventions for γ-matrices are:
{γµ, γν} = 2δµν , γ5 = iγ0γ1,
γµγ5 = iǫµνγν , ǫ01 = 1. (2.3)
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In the Path-Integral formulation of the theory we can eliminate quartic
self interactions introducing an auxiliary field through the identity:
exp
(
1
2
g2
∫
d2x(Ψ¯γµΨ)
2
)
=
∫
DAµexp
(
−
∫
d2x(−gΨ¯γµΨAµ +
1
2
AµAµ)
)
.
(2.4)
Then the partition function of the model is given by:
Z =
∫
DΨ¯DΨDAµexp
(
−
∫
d2x(Ψ¯(i/∂)Ψ + gΨ¯γµΨAµ −
1
2
AµAµ)
)
. (2.5)
In this form we can easily study the theory in a non-trivial chiral sector.
In fact, the field Aµ is coupled minimally with the fermion current and has a
natural interpretation as a gauge connection. Therefore a gauge configuration
carrying a winding number N ,∮
Aµdx
µ = 2πN. (2.6)
will produce a break in the chiral symmetry. It is easy to show that the
violation of the chiral charge is equal to N ,
∆Q5 = N (2.7)
imposing the selection rule: the transition amplitudes between states are non-
zero only if the variation of the chiral charge is equal to N .
In order to study the partition function (2.5) it is useful to decompose
the auxiliary field as [12]:
Aµ = A
(Cl)
µ + aµ, (2.8)
where A(Cl)µ is a fixed background configuration which carries the topology
and aµ takes into account quantum fluctuations, i.e.
DAµ = Daµ. (2.9)
With this choice the Lagrangian in eq.(2.5) takes the form:
L = Ψ¯i/∂Ψ+gΨ¯γµΨA
(Cl)
µ +gΨ¯γµΨaµ−
1
2
A(Cl)µ A
(Cl)
µ −aµA
(Cl)
µ −
1
2
aµaµ. (2.10)
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Of course, by construction this partition function is independent of the back-
ground configuration A(Cl)µ because any two configurations differ only in a
shift in the quantum fluctuations.
We can decouple the quantum part of the auxiliary field (aµ) from fermions
making the following change of variables [13], [14]:
Ψ = eiη+γ5φχ
Ψ¯ = χe−iη+γ5φ
aµ = −
1
g
(ǫµν∂νφ− ∂µη), (2.11)
and choose the background configuration A(Cl)µ satisfying:
∂µA
(Cl)
µ = 0. (2.12)
Then the Lagrangian can be written as:
L = χ¯(i/∂ + g/A(Cl))χ+
1
g
φF (Cl) −
1
2g2
(
(∂µη)
2 + (∂µφ)
2
)
−
1
2
(A(Cl)µ )
2, (2.13)
where F (Cl) = ǫµν∂µA
(Cl)
ν .
The jacobians associated with the change of variables (2.11) are given by:
Jf = exp
{
−
1
2π
∫
d2x((∂µφ)
2 − 2gφF (Cl))
}
Jb = det
{
−
1
g2
(∂20 + ∂
2
1)
}
, (2.14)
and then the partition function can be written as:
Z = det(−
1
g2
∆)× Zfermions[A
(Cl)]× Zη−boson × Zφ−boson[A
(Cl)], (2.15)
where:
Zfermions[A
(Cl)] =
∫
Dχ¯Dχexp
(
−
∫
d2xχ¯(i/∂ + g/A(Cl))χ
)
, (2.16)
Zη−boson =
∫
Dηexp
(
−
∫
d2x
1
2g2
(∂µη)
2
)
, (2.17)
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and
Zφ−boson[A
(Cl)] =
∫
Dφexp
(
−
∫
d2x
(
1
2π
+
1
2g2
)
(∂µφ)
2 −
(
1
g2
+
1
π
)
φF (Cl)
)
.
(2.18)
From the expression (2.15) for the partition function we can see that
the fermionic and bosonic sectors are coupled only through the background
configuration A(Cl)µ .
Now let us compute the conformal anomaly of this theory. Because of the
independence of the partition function (2.18) on the particular election of the
monopole background, we can choose it in such a way all the magnetic field be
concentrated at infinity (the north pole of S2, after compactification). With
this election the three sectors, fermions, bosons and ghosts in the partition
function (2.15) became separately conformal invariant on the complex plane
C = S2 − {north pole}.
Consequently the Virasoro algebra of the whole theory is the sum of the
three Virasoro algebras of the composing sub theories. We will see that,
for the bosonic and the fermionic subsectors, the effect of the coupling with
the background field is similar to the charge at infinity in the Dotsenko and
Fateev Coulomb gas approach to conformal field theory Ref[2].
Let us start with the fermionic theory (2.16). Using the anomaly equation
∂µj
5
µ =
1
π
F (Cl) (2.19)
and the gauge condition (2.12) we can construct a pair of conserved currents
[15]
Jz = χ
†
LχL −
1
π
A(Cl)z (2.20)
Jz¯ = χ
†
RχR +
1
π
A
(Cl)
z¯ . (2.21)
The Noether charges associated with these currents takes the form, in
radial quantization
Qz =
∮
dzJz (2.22)
Qz¯ =
∮
dz¯Jz¯. (2.23)
But using the monopole quantization condition (and the fact that the monopole
has support at infinity) we see that the effect of the background field is to
5
create a charge at infinity of value N . This charge changes the neutral
charge condition of the holomorphic and anti-holomorphic vacuum expecta-
tion values and consequently there is a shift in the conformal dimension of
the primary fields. At the level of the energy-momentum tensor, this shift
is produced by the appearance of an extra term, which takes into account
the changes in the conformal dimensions. The total Tzz component of the
energy-momentum tensor takes the form
T = (χ†L∂zχL − ∂zχ
†
LχL) +N∂z(χ
†
LχL) (2.24)
and there is a similar equation for the Tz¯z¯ component. Using eq.(2.24) we
can easily compute the Virasoro central charge of this fermionic theory and
we find
cfermions = 1− 3N
2. (2.25)
Now we can evaluate the contribution from the bosonic fields η and φ.
For the η-field one get the well-known result:
cη−boson = 1. (2.26)
(This can be seen making a harmless rescaling of the η-field: η˜ =
√
π
g
η).
In order to evaluate the contribution coming from the φ field it is useful
to make the following rescaling
φ˜ =
√
1 +
π
g2
φ, (2.27)
which leads the action to the form:
S[φ] =
1
2π
(∫
d2x
(
∂µφ˜
)2
−Q
∫
d2xφ˜F (Cl)
)
, (2.28)
where:
Q =
√
1 +
π
g2
. (2.29)
The analysis of this theory is closely similar to the fermionic one. In par-
ticular it is easy to convince oneself that the coupling with the monopole
produces a background charge at infinity of value NQ (Ref.[16]). Then the
modification that suffers the energy-momentum tensor is given by
∆T = Q∂2z φ˜ (2.30)
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and the conformal anomaly takes the form
cφ−boson = 1 + 3N
2
(
1 +
π
g2
)
. (2.31)
Finally we have to take into account the contribution coming from the Lapla-
cian in equation (2.15). The determinant of the Laplacian operator can be
exponentiated using anticommuting ghosts in the form:
det(−
1
g2
∆) =
∫
Dη¯Dηexp
(
−
1
g2
∫
d2xη¯∆η
)
. (2.32)
The corresponding conformal charge is:
cghosts = −2. (2.33)
At this point we can evaluate the total central charge of the model just
by adding the four independent contributions eqs.(2.25),(2.26), (2.31), and
(2.33) which yields to:
ctotal = 1 + 3
πN2
g2
. (2.34)
We see that the central charge of this model depends both on the coupling
constant g2 and on the topological charge N , this last being connected with
the non-conservation of the chiral charge (eq.(2.7)).
It is worthwhile noting the resemblance of this result with the one ob-
tained by Dotsenko and Fateev [2]. In this sense our result could be viewed as
a fermionic version of DF’s construction. Two important differences should
be stressed, however. Firstly, we have a conformal charge c > 1 whereas
DF got c < 1. As a consequence, the FQS series [17] is not described by our
model, at least for values of the coupling constant g2 which lead to a unitary
theory. Finally, it is remarkable the dependence of the central charge on the
coupling constant g2, which arises as a topological effect.
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3 Correlation Functions and Primary Fields
Due to the presence of the monopole in the fermionic partition function
eq.(2.19) only chirality violating operators have a non-zero vacuum expecta-
tion value. For a given fermionic operator O its vacuum expectation value is
zero unless the selection rule
[Q5,O] = NO (3.1)
holds, where N is the chiral charge. It is easy to verify that the fermion bilin-
ears Ψ¯RΨR are eigenfunctions of the chiral charge operator with eigenvalue
1, and the bilinears Ψ¯LΨL are eigenfunctions of the chiral charge operator
with eigenvalue −1. Then, for N > 0, a fermionic operator with a non-trivial
vacuum expectation value contains a number of bilinears Ψ¯RΨR which ex-
ceeds in N the number of bilinears Ψ¯LΨL (for N < 0 we change R ↔ L).
After the decoupling change of variables eq.(2.11) the fermionic operator O
will be accompanied by bosonic vertex operator
V = e
∫
j(x)φ(x) (3.2)
with
j(x) =
∑
i
αiδ(x− xi) ;
∑
i
αi = −2N. (3.3)
Now let analyze the bosonic partition function eq.(2.18). The vertex
operator eq.(3.2) adds a new term to the action
∆Sb = −
∫
j(x)φ(x)d2x. (3.4)
Then after the rescaling (2.26) the bosonic effective action reads
Sb =
1
2π
∫ {
(∂φ)2 − φ
[
QF (Cl) +
2π
Q
j+
2π
Q
µ
]}
(3.5)
where we included an external source µ. (Q was defined in eq.(2.29)).
The path integral over the constant zero mode of the Laplacian operator
imposes, as usual, the neutrality charge condition:
1
4π
∫ (
QF (Cl) +
2π
Q
j +
2π
Q
µ
)
d2x = N(Q−
1
Q
) +
1
2Q
∫
µd2x = 0. (3.6)
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Then, in order to have a non-trivial result for the vacuum expectation value
we need the presence of the additional source µ satisfying∫
µd2x = (Q2 − 1)N =
π
g2
. (3.7)
This contribution can be obtained in a natural way from the term
e
− 1
g2
∫
Aµl
µ
(3.8)
which comes from a source term for the currents in the original Lagrangian
(eq.(2.1)).
Then a non-trivial vacuum expectation has the form
< H[Ψ¯,Ψ]e
∫
jµl
µ
>=
∫
Dχ¯DχDφexp
(∫
χ¯(i/∂ + g/A(Cl))χ
)
× (3.9)
exp
(
1
2π
∫ {
(∂φ)2 − φ
[
QFCl +
2π
Q
j−
π
g2Q
ǫµν∂µlν
]})
H[χ¯, χ] (3.10)
where H[χ¯, χ] is a fermionic composite operator satisfying the chiral selection
rule eq.(3.1). The constraint eq.(3.7) is translated into the following condition
for the source lµ
1
2π
∫
ǫµν∂µlνd
2x = 4πN, (3.11)
i.e., lµ is a monopole of charge N .
Because of the freedom in the election of the classical background AClµ
in the total partition function eq.(2.15) we can choose AClµ = lµ. Finally
integrating the remaining (non-zero modes) bosonic degrees of freedom we
obtain the vacuum expectation value of O = H[Ψ¯,Ψ]e
∫
jµl
µ
< O >=
∫
Dχ¯χexp
(∫
χ¯(i/∂ + g/A(Cl))χ
)
H[χ¯, χ]× (3.12)
exp
(
−
1
8πQ2
∫
(FCl[l(x)] + 2πj(x))∆−1(x, y)(FCl[l(y)] + 2πj(y)d2xd2y)
)
,
(3.13)
where ∆−1(x, y) is the Green function of the Laplacian.
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The next task of this section is to construct the primary fields of the
model and evaluate their conformal weights. As usual, given a conformal
field φh we can evaluate its conformal dimension from the O.P.E with the
energy-momentum tensor. Using the usual normalization in CFT this O.P.E.
reads:
T (z)φh(w) =
h
(z − w)2
φh(w) +
1
z − w
∂wφh(w) + r.t.. (3.14)
In the factored version of the model this can be achieved by evaluating
the O.P.E’s in each sector separately since our basic fields Ψ can be expressed
in terms of the fermion fields χ, the bosonic fields φ (both coupled only to
the background) and the free boson η (see eq.(2.11)). (As usually happens
in abelian theories the ghost sector appears completely decoupled).
We shall first consider the fermionic sector (2.16). The corresponding
EMT was given in eq.(2.24) and for the O.P.E’s with the fermionic fields χR,
χL, χ¯R and χ¯L we get:
Tη(z)χR(w¯) = T¯η(z¯)χ¯R(w) = Tη(z)χ¯L(w¯) = T¯η(z¯)χL(w) = 0, (3.15)
T¯η(z¯)χR(w¯) =
1−N
2
1
(z¯ − w¯)2
χR(w¯) +
1
(z¯ − w¯)
∂w¯χR(w¯),
Tη(z)χ¯R(w) =
1−N
2
1
(z − w)2
χ¯R(w) +
1
(z − w)
∂wχ¯R(w),
Tη(z)χL(w) =
1 +N
2
1
(z − w)2
χL(w) +
1
(z − w)
∂wχL(w),
T¯η(z¯)χ¯L(w¯) =
1 +N
2
1
(z¯ − w¯)2
χ¯L(w¯) +
1
(z¯ − w¯)
∂w¯χ¯L(w¯). (3.16)
Concerning the η-boson, we are interested in the conformal dimension of
the vertex operator:
Φ(η)α (z, z¯) ≡: e
iαη(z,z¯) : . (3.17)
From the O.P.E. with the corresponding EMT we obtain:
h = h¯ =
g2
8π
α2 (3.18)
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Finally we evaluate the O.P.E. of the φ-vertex operator:
Φ(φ)α (z, z¯) ≡: e
iαφ(z,z¯) :, (3.19)
with the EMT given in eq.(2.30). The result is:
Tφ(z)Φ
(φ)
α (w, w¯) =
α
8
(2N −
α
1 + π
g2
)
1
(z − w)2
Φ(φ)α (w, w¯) + . . . ,
T¯φ(z¯)Φ
(φ)
α (w, w¯) =
α
8
(2N −
α
1 + π
g2
)
1
(z¯ − w¯)2
Φ(φ)α (w, w¯) + . . . (3.20)
Now we can write down the conformal weights associated to the original
fermions ΨR, ΨL, Ψ¯R and Ψ¯L just by adding the previous fermionic contri-
butions (3.15), (3.16) and setting α=1 in (3.18) and (3.20). Thus we obtain:
hΨR =
N
4
−
g2
8(g2 + π)
+
g2
8π
,
h¯ΨR =
N
4
−
g2
8(g2 + π)
+
g2
8π
+
1−N
2
,
hΨ¯R =
N
4
−
g2
8(g2 + π)
+
g2
8π
+
1−N
2
,
h¯Ψ¯R =
N
4
−
g2
8(g2 + π)
+
g2
8π
(3.21)
hΨL = −
N
4
−
g2
8(g2 + π)
+
g2
8π
+
1 +N
2
,
h¯ΨL = −
N
4
−
g2
8(g2 + π)
+
g2
8π
,
hΨ¯L = −
N
4
−
g2
8(g2 + π)
+
g2
8π
,
h¯Ψ¯L = −
N
4
−
g2
8(g2 + π)
+
g2
8π
+
1 +N
2
(3.22)
It is interesting to observe that the scaling dimensions given by ∆ = h+h¯
do not depend on the chiral charge N . On the contrary, the spins S = h− h¯
are changed by the background. We have, for instance,
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∆ΨR =
1
2
+
g2
4π
−
g2
4π(1 + g2/π)
, (3.23)
SΨR =
1−N
2
. (3.24)
We also note that (3.23) exactly coincides with the result obtained in
Ref.[21] where the fermionic correlator was computed in the N = 0 sector.
We will now focus our attention on primary fields that are built as
fermionic bilinears. These are the energy-density and crossover operators
which are defined, respectively, as:
ε(z, z¯) = Ψ¯RΨR(z, z¯) + Ψ¯LΨL(z, z¯), (3.25)
Cr(z, z¯) = Ψ¯RΨ¯L(z, z¯), C¯r(z, z¯) = ΨRΨL(z, z¯). (3.26)
(Strictly speaking the crossover operator is defined, for N = 0, as the sum
Cr = Cr+C¯r. However in the case at handN 6= 0, eventhough Cr and C¯r have
the same scaling dimensions, their spins are different and consequently they
do not add to a primary field). The conformal behavior of this operators is of
particular importance in view of the close connection between the Thirring
model and some lattice spin systems like the Ashkin-Teller Ref.[7] and Baxter
models Ref.[8]. These two systems can be roughly described as the superpo-
sition of two Ising lattices which interact through 4-spin couplings. In the
context of the Ashkin-Teller model ε(x) accounts for temperature fluctua-
tions, whereas Cr(x) describes the difference between the nearest-neighbor
couplings of the two Ising variables Ref.[22].
Combining adequately the conformal dimensions of the constituents (fermions
and vertex operators) we have:
hε = h¯ε =
1
2

 1
1 + g
2
π

 ,
hCr = = h¯C¯r = −
N
2
+
1 + g
2
π
2
,
h¯Cr = = hC¯r =
N
2
+
1 + g
2
π
2
. (3.27)
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It must be stressed that the scaling dimensions for the energy and the
crossover operators are related as:
∆Cr = ∆C¯r = 1 +
g2
π
=
1
∆ε
. (3.28)
This relation had been conjectured in Ref.[23], [24] and was first derived
in Ref.[25] for the N = 0 case (see also Ref.[26] for a proof of this identity
in the path-integral framework). Eq.(3.28) shows that this relation holds
irrespective of the boundary conditions for the fermionic fields.
Since the theory at hand has c > 1 we must be able to construct primary
fields with arbitrary conformal weights. Apart from special cubic and quartic
combinations of fermions, the unique way to obtain this result is to deal with
non-local operators Ref.[27] like:
Φα(z) ≡: e
iα
∫
Cz
dwj(w)
:, (3.29)
where:
j(z) = 2π : Ψ¯RΨL : (z) = 2π : χ¯RχL : (z), (3.30)
with:
j(z)j(w) = −
1
(z − w)2
, (3.31)
and Cz is a complex path starting at zero and ending at z.
In order to calculate the O.P.E. of Φα(w) with the EMT it is useful to
express the last one in the Sugawara form:
T (z) = −
1
2
: j(z)j(z) : +
iN
2
: ∂zj(z) : . (3.32)
Using this expression for the EMT together with (3.31) we obtain:
h =
α(α−N)
2
. (3.33)
4 Conclusions
It is clear from the results of this paper that the conformal properties of the
Thirring model are modified when we consider a non-zero chiral charge sector.
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The conformal anomaly, equal to 1 in the zero charge sector, has an additional
contribution proportional to the chiral charge an inversely proportional to the
coupling constant
c = 1 + 3
πN2
g2
This result is very similar to the conformal anomaly of the Dotsenko and
Fateev’s modified Coulomb gas but with an opposite sign. Here the ratio N
g2
plays the role of the (imaginary) charge at infinity in DF’s work. Of course
such a modification implies a change in the whole conformal algebra, and in
particular a new set of primary and descendants conformal fields. For the
particular case of the fermions we found that only the spins are N -dependent,
the scaling dimensions are independent of the chiral charge.
As it was shown by Luther and Peschel [9] one can generalize the Jordan-
Wigner transformation for the spin operators on a lattice model to the con-
tinuum case. This fact enables one to study the lattice Baxter model in terms
of the continuum Thirring model (for the N = 0 case). In this context the
fermionic bilinears ε (3.25) and Cr (3.26) play a central role.
We have computed the conformal weights for these operators, when the
fermion fields associated to the corresponding Jordan-Wigner transforma-
tions satisfy non-trivial boundary conditions.We found that hǫ and h¯ǫ are not
affected by having N different from zero. On the other hand, the crossover
operator does change in this new situation: it splits down into two primary
operators with equal scaling dimensions but opposite spins. These results can
be understood by recalling that the energy density is a rotationally invariant
operator while the crossover is not.
The non-trivial conditions satisfied by the fermionic fields lead to non-
trivial constraints between the spin variables in the related lattice model.
(This can be seen by using the Jordan-Wigner transformation which relates
the usual Thirring model with the Baxter model) It would be interesting to
try to generate these constraints in the lattice by the addition of an interac-
tion between the spins.
As mentioned in the Introduction, the central charge that we have ob-
tained for a given ”topological charge” N can be matched with the VCC of
certain Superconformal Minimal Models (those for which the VCC is in the
interval [3/2, 1]) by a suitable choice of the coupling g2. For those cases it
would be interesting to construct the superpartner of the EMT and study
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the connection with the realization of Superconformal invariance in related
lattice models.
The addition of a mass term to the Lagrangian (2.1) corresponds to a
perturbation with an operator of dimension h = h¯ = 1/2(1/1+g2/π). In that
case one can study the Renormalization Group flow between two adjacent
conformal field theories by evaluating the Zamolodchikov’s c-function [28].
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